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SUMMARY 
A s e m i a n a l y t i c a l  approach i s  developed f o r  t h e  s e n s i t i v i t y  a n a l y s i s  o f  
l i n e a r  unsteady aerodynamic l o a d s .  The s e m i a n a l y t i c a l  approach i s  e a s i e r  t o  
implement than  t h e  a n a l y t i c a l  approach. I t  i s  a l s o  c o m p u t a t i o n a l l y  l e s s  expen- 
s i v e  than  t h e  f i n i t e  d i f f e r e n c e  approach when used w i t h  panel  methods which 
r e q u i r e  a l a r g e  number of p a n e l s .  The s e m i a n a l y t i c a l  approach i s  a p p l i e d  t o  
0 an i s o l a t e d  a i r f o i l  i n  a two-dimensional  f l o w  and r o t a t i n g  p r o p f a n  b lades  i n  
cn m t h ree -d imens iona l  f low. S e n s i t i v i t y  c o e f f i c i e n t s  w i t h  r e s p e c t  t o  non-shape- 
w l y t i c a l  approach w i l l  be use fu l  i n  a e r o e l a s t i c  d e s i g n  procedures p a r t i c u l a r l y  
I dependent v a r i a b l e s  a r e  shown for some cases. I t  i s  expec ted  t h a t  t h e  semiana- m 
when m i s t u n i n g  i s  p r e s e n t  and t h a t  i t  i s  p o t e n t i a l l y  u s e f u l  for shape s e n s i t i v -  
i t y  a n a l y s i s  o f  l i n e a r  uns teady  aerodynamics.  
INTRODUCTION 
The compu ta t i on  of d e r i v a t i v e s  of response q u a n t i t i e s  w i t h  r e s p e c t  t o  
des ign  parameters,  known as s e n s i t i v i t y  a n a l y s i s ,  p l a y s  an i m p o r t a n t  r o l e  i n  
d e v e l o p i n g  r e l i a b l e  and e f f i c i e n t  procedures f o r  d e s i g n  o p t i m i z a t i o n  o f  p r a c t i -  
c a l  aerospace s t r u c t u r e s .  I n t e g r a t i n g  t h e  s t r u c t u r a l  and aerodynamic des ign  
processes for deve lop ing  b e t t e r  aerospace s t r u c t u r e s  i n  an automated manner i s  
g a i n i n g  i n t e r e s t  ( r e f .  1 ) .  Aerodynamic s e n s i t i v i t y  a n a l y s i s  i s  necessary  i n  
o r d e r  t o  make p o s s i b l e  an e f f i c i e n t  i n t e r - d i s c i p l i n a r y  approach t o  t h e  o p t i m i -  
z a t i o n  o f  aerospace systems. However, t h e  i n t e r e s t  i n  s e n s i t i v i t y  a n a l y s i s  
has been m a i n l y  c o n f i n e d  to  s t r u c t u r a l  a p p l i c a t i o n s  ( r e f s .  2 and 3). A r e c e n t  
paper ( r e f .  4 ) ,  s t r e s s i n g  t h e  need fo r  aerodynamic s e n s i t i v i t y  a n a l y s i s ,  con- 
t a i n e d  o n l y  one r e f e r e n c e  on t h e  s u b j e c t  and none d e a l i n g  w i t h  uns teady  
aerodynamics.  The p r e s e n t  paper a t t e m p t s  t o  p a r t i a l l y  f i l l  t h i s  v o i d .  Dwyer, 
Peterson and Brewer  ( r e f s .  5 and 6 )  a p p l i e d  s e n s i t i v i t y  a n a l y s i s  to  boundary 
l a y e r  f low equa t ions  t o  compute t h e  e f f e c t  o f  v a r i o u s  parameters,  though n o t  
i n  t h e  c o n t e x t  o f  des ign  o p t i m i z a t i o n .  Recen t l y ,  H a f t k a ,  e t  a l .  ( r e f .  7) pre -  
sented a s e n s i t i v i t y  a n a l y s i s  of s teady aerodynamics f o r  mu1 t i d i  s c i p l  i n a r y  
*NASA Resident  Research A s s o c i a t e ;  Member A I A A  and ASME. 
* * S e n i o r  Research Engineer ;  A s s o c i a t e  Fellow, A I A A .  
o p t i m i z a t i o n .  The s c a r c i t y  of p u b l i s h e d  l i t e r a t u r e  i s  perhaps due t o  t h e  v e r y  
complex n a t u r e  of t h e  aerodynamic response phenomena of p r a c t i c a l  aerospace 
s t r u c t u r e s .  T h i s  i s  p a r t i c u l a r l y  t r u e  of r o t a r y  w ing  s y s t e m s  such as p r o p f a n s .  
The p r e d i c t i o n  of s teady  and uns teady  aerodynamic l oads  on  these systems i s  
s t i l l  a s u b j e c t  of i n t e n s e  r e s e a r c h .  I n  a d d i t i o n ,  t h e  c o u p l i n g  o f  computa- 
t i o n a l  aerodynamic codes w i t h  s t r u c t u r a l  a n a l y s i s  and o p t i m i z a t i o n  programs i s  
n o t  s t r a i g h t f o r w a r d .  
The g e n e r a l i z e d  uns teady  aerodynamic l oads  on  a s t r u c t u r e  a re ,  i n  gen- 
e r a l ,  f u n c t i o n s  o f  t h e  flow c o n d i t i o n s ,  t h e  s t r u c t u r a l  geometry, and t h e  s t r u c -  
t u r a l  mo t ion .  The d e r i v a t i v e s  o f  t h e  g e n e r a l i z e d  aerodynamic f o r c e s ,  w i t h  
r e s p e c t  t o  t h e  v a r i a b l e s  r e p r e s e n t i n g  t h e  s t r u c t u r a l  geometry and m o t i o n ,  a r e  
u s e f u l  i n  a e r o e l a s t i c  s t r u c t u r a l  d e s i g n  p rocedures .  T h e i r  compu ta t i on  c o n s t i -  
t u t e s  t h e  aerodynamic shape s e n s i t i v i t y  a n a l y s i s .  Shape s e n s i t i v i t i e s  a r e  
immensely use fu l  i n  automated d e s i g n  of a i r c r a f t  wings and r o t a t i n g  b l a d e s .  
For example, shape s e n s i t i v i t i e s  can be used t o  compute o p t i m a l  sweep d i s t r i b u -  
t i o n  on p r o p f a n  b l a d e s .  
These s e n s i t i v i t y  d e r i v a t i v e s  can be c a l c u l a t e d  u s i n g  a s t r a i g h t f o r w a r d  
f i n i t e - d i f f e r e n c e  approach. However, exper ience  i n  o t h e r  e n g i n e e r i n g  d i s c i -  
p l i n e s  suggests t h a t  a s e m i a n a l y t i c a l  approach may be more c o m p u t a t i o n a l l y  
e f f i c i e n t .  The o b j e c t i v e  of t h e  p r e s e n t  paper i s  t o  p r e s e n t  a s e m i a n a l y t i c a l  
approach f o r  s e n s i t i v i t y  a n a l y s i s  of subson ic  uns teady  aerodynamics used i n  
f l u t t e r  a n a l y s i s ,  for t h e  purpose of comput ing t h e  d e r i v a t i v e s  o f  t h e  g e n e r a l -  
i z e d  uns teady  aerodynamic f o r c e s .  
A s  a first s tep ,  o n l y  non-shape-dependent v a r i a b l e s ,  r e p r e s e n t i n g  t h e  f low 
c o n d i t i o n s  and t h e  s t r u c t u r a l  mo t ion ,  a r e  cons ide red .  Such v a r i a b l e s  i n c l u d e  
f r e e - s t r e a m  Mach number, v i b r a t i o n  f requency ,  mode shape and r o t a t i o n a l  speed. 
I n  a d d i t i o n  t o  a e r o e l a s t i c  o p t i m i z a t i o n ,  t h e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  f low 
c o n d i t i o n s  and s t r u c t u r a l  m o t i o n  can a l s o  be u s e f u l  i n  compu ta t i ona l  schemes 
f o r  a e r o e l a s t i c  a n a l y s i s  ( r e f s .  8 t o  10) and i n  comput ing  t h e  d e r i v a t i v e s  o f  
t h e  f l u t t e r  Mach number and f l u t t e r  f r e q u e n c y  w i t h  r e s p e c t  t o  s t r u c t u r a l  d e s i g n  
v a r i a b l e s  ( r e f s .  1 1  t o  1 3 ) .  
I n  t h e  f o l l o w i n g ,  t h e  prob lem o f  numer i ca l  s e n s i t i v i t y  a n a l y s i s  i s  i n t r o -  
duced and t h e  t h r e e  p o s s i b l e  approaches t o  t h e  prob lem,  ( f i n i t e - d i f f e r e n c e ,  
a n a l y t i c a l ,  and t h e  s e m i a n a l y t i c a l )  a r e  d e s c r i b e d .  The s e m i a n a l y t i c a l  approach 
i s  t hen  d e s c r i b e d  i n  f u r t h e r  d e t a i l  i n  t h e  c o n t e x t  o f  uns teady  aerodynamic com- 
p u t a t i o n s  u s i n g  panel  methods. F i n a l l y ,  t h e  a p p l i c a t i o n  of s e n s i t i v i t y  a n a l y -  
s i s  t o  i s o l a t e d  a i r f o i l s  i n  two-dimensional  f low and t o  s i n g l e  r o t a t i o n  p r o p f a n  
b lades  i n  th ree-d imens iona l  flow i s  p resen ted  a l o n g  w i t h  some t y p i c a l  r e s u l t s .  
NOMENCLATURE 
I A domain o f  i n t e g r a t i o n  
I AN a b b r e v i a t i o n  for t h e  a n a l y t i c a l  approach 
I 
b f parameter d e n o t i n g  c o u p l i n g  of f i r s t  and second p r o p f a n  normal modes 




abbreviation for the finite difference approach 























e ,  eo 
kernel function 
reduced frequency,(wblU) 
normal to blade helical surface 
free-stream Mach number 
matrix of generalized forces 
generalized force in n-th mode due to motion in m-th mode 
propfan advance ratio (tip speedlaxial speed) 
abbreviation for the semianalytical approach 
free-stream fluid velocity 
flow velocity relative to a point on the blade surface 
complex amplitude of normal velocity fluctuation 
normal velocity distribution on the lifting surface = 
4n I C 1  Vn 
normal velocity distribution in m-th mode 
pi tch-axis location 
eiGG / U in the case of propfan aerodynamics 
parameter 
1 -M2 
prefix denoting finite difference increment 
pressure differential across the blade surface 
2 - ,Ap ei" called "pressure load parameter" 
POUL 
pressure differential across the blade surface due to motion in m-th 
mode 
normal displacement in n-th mode 











d imens ion less  chordwise  p ressu re  s t a t i o n  c o o r d i n a t e  
a i r  d e n s i t y  
symbol f o r  CPU t imes  
p r o p f a n  r o t a t i o n a l  speed 
b lade  v i b r a t i o n  f requency  
a la  
pr ime denotes v a r i a t i o n  
NUMERICAL S E N S I T I V I T Y  ANALYSIS 
I n  t h e  f i n i t e  d i f f e r e n c e  a w r o a c h ,  t h e  s e n s i t i v i t y  c o e f f i c i e n t  f ' ( x >  o f  . .  
a f u n c t i o n  f of a parameter x i s  e v a l u a t e d  by r e p e a t i n g  t h e  a n a l y s i s  a f t e r  
i n c r e m e n t i n g  each parameter .  That i s ,  
f ( X  + AX)  - f ( X >  
A x  f ' ( x >  zz ( P F D ( X )  = 
where t h e  s u b s c r i p t  FD denotes t h e  f i n i t e  d i f f e r e n c e  approach and A x  i s  
t h e  f i n i t e - d i f f e r e n c e  s t e p  s i z e .  Whi le  o n l y  first o r d e r  f o r w a r d  d i f f e r e n c e s  
a r e  cons ide red ,  t h e  comments a p p l y  e q u a l l y  to  o t h e r s .  The f i n i t e  d i f f e r e n c e  
approach i s  c o m p u t a t i o n a l l y  expens ive  and accuracy  i s  v e r y  much dependent on  
t h e  s e l e c t e d  s t e p  s i z e  A x  and r o u n d - o f f  e r r o r  accumu la t i on .  The p r o p e r  
s e l e c t i o n  o f  a f i n i t e  d i f f e r e n c e  s t e p  s i z e  i s  n o t  t r i v i a l .  However, t h e  
f i n i t e  d i f f e r e n c e  approach i s  easy t o  implement.  
The a n a l y t i c a l  approach t o  t h e  prob lem o f  s e n s i t i v i t y  a n a l y s i s  c o n s i s t s  
o f  e v a l u a t i n g  t h e  s e n s i t i v i t y  c o e f f i c i e n t  by d i r e c t  a n a l y t i c a l  d i f f e r e n t i a -  
t i o n .  That  i s ,  
d f  
dx f ' ( x >  = ( P A N ( X >  = - 
( 1 )  
The s u b s c r i p t  AN denotes t h e  a n a l y t i c a l  approach. The a n a l y t i c a l  approach 
o b v i o u s l y  r e s u l t s  i n  t h e  e x a c t  s e n s i t i v i t y  c o e f f i c i e n t .  However, i t  i s  d i f f i -  
c u l t  t o  implement because t h e  f u n c t i o n  f ( x >  tends  t o  be v e r y  c o m p l i c a t e d  i n  
p r a c t i c e  and, i n  g e n e r a l ,  cannot  be d i r e c t l y  d i f f e r e n t i a t e d .  F u r t h e r n o r e ,  many 
response f u n c t i o n s  o f  i n t e r e s t  a r e  computed by s p e c i a l  purpose programs and 
a n a l y t i c a l  d i f f e r e n t i a t i o n  i s  i m p r a c t i c a l .  I n  a d d i t i o n ,  i n  uns teady  aerody- 
namic a p p l i c a t i o n s  u s i n g  panel  methods, t h e  c o s t  o f  comput ing (P*,,,(x) i s  n o t  
much s m a l l e r  t han  t h e  cost o f  c o m u t i n g  f ( x > .  Thus t h e  c o s t  o f  t h e i r  imp le -  
m e n t a t i o n  i s  n o t  o f f s e t  by a s u b s t a n t i a l  r e d u c t i o n  i n  compu ta t i ona l  e f f o r t ,  as 
i s  o f t e n  t h e  case i n  s t r u c t u r a l  a p p l i c a t i o n s .  Hence, a n a l y t i c a l  methods o f  
s e n s i t i v i t y  a n a l y s i s  a r e  n o t  e a s i l y  j u s t i f i e d  i n  unsteady aerodynamic 
app l  i c a t i o n s .  
The s e m i a n a l y t i c a l  approach c o n s i s t s  o f  a n a l y t i c a l  d i f f e r e n t i a t i o n  o f  t h e  
o r i g i n a l  f u n c t i o n  w i t h  r e s p e c t  t o  an i n t e r m e d i a t e  f u n c t i o n ,  t h e  d e r i v a t i v e  o f  
4 
which i s  t hen  e v a l u a t e d  by numer i ca l  d i f f e r e n t i a t i o n .  Thus, i f  f ( x )  = 
f ( g ( x > > ,  then,  
The s u b s c r i p t  SA denotes t h e  s e m i a n a l y t i c a l  approach. The s e m i a n a l y t i c a l  
approach combines t h e  e f f i c i e n c y  of t h e  a n a l y t i c a l  approach w i t h  t h e  ease o f  
imp lemen ta t i on  of t h e  f i n i t e  d i f f e r e n c e  approach. The most b e n e f i c i a l  combina- 
t i o n  r e s u l t s  i f  most of  t h e  compu ta t i ona l  e f for t  of  e v a l u a t i n g  t h e  f u n c t i o n  
f ( x >  i s  c o n t a i n e d  i n  comput ing f ( g >  and most o f  t h e  a n a l y t i c a l  c o m p l e x i t y  i s  
c o n t a i n e d  i n  comput ing g ( x > .  I t  can a l s o  be sometimes expected t o  r e s u l t  i n  
more a c c u r a t e  d e r i v a t i v e s  than  t h e  f i n i t e  d i f f e r e n c e  approach. For example, 
i f  g ( x >  i s  n e a r l y  l i n e a r ,  t h e n  t h e  SA approach r e s u l t s  i n  much more accu- 
r a t e  d e r i v a t i v e s  than  t h e  FD approach. 
THE SEMIANALYTICAL APPROACH TO THE S E N S I T I V I T Y  
ANALYSIS OF UNSTEADY AERODYNAMICS 
The i n t e g r a l  e q u a t i o n  e x p r e s s i n g  t h e  r e l a t i o n  between t h e  upwash and t h e  
p r e s s u r e  d i s t r i b u t i o n  can be w r i t t e n  as ( r e f .  14) 
W = SA Ap K dA ( 4 )  
where W r e p r e s e n t s  t h e  normal v e l o c i t y  d i s t r i b u t i o n  on t h e  l i f t i n g  s u r f a c e ,  
Ap t h e  d i s t r i b u t i o n  o f  t h e  p r e s s u r e  d i f f e r e n t i a l  between t h e  upper and lower  
s u r f a c e s  and K t h e  k e r n e l  f u n c t i o n .  K may be f o r m u l a t e d  for  s teady,  
unsteady,  two-d imensional ,  t h ree -d imens iona l ,  i n c o m p r e s s i b l e ,  or compress ib le  
f low. Thus, t h e  techn iques  a r e  a p p l i c a b l e  t o  any o f  t h e  above f low c o n d i t i o n s ,  
though t h e  imp lemen ta t i on  p resen ted  h e r e i n  i s  l i m i t e d  t o  two s e l e c t e d  aerody- 
namic models.  We c o n s i d e r  uns teady  compress ib le  f low where s t r u c t u r a l  m o t i o n  
i s  s imp le  harmonic .  The d i s c u s s i o n ,  however, i s  a l s o  a p p l i c a b l e  t o  nonharmonic 
m o t i o n  by r e p l a c i n g  t h e  r e a l  v a r i a b l e  W ,  r e p r e s e n t i n g  f requency,  by t h e  com- 
p l e x  v a r i a b l e  s, r e p r e s e n t i n g  t h e  Laplace t r a n s f o r m  v a r i a b l e .  The normal 
v e l o c i t y  W depends on t h e  assumed motion of t h e  l i f t i n g  sur face ( s t r u c t u r a l  
mo t ion )  and i s  cons ide red  known. The k e r n e l  f u n c t i o n  for n o n r o t a t i n g  systems 
depends on t h e  f low Mach number and f requency  o f  mo t ion .  
i t  a l s o  depends on t h e  r o t a t i o n a l  speed. 
e lemen ta l  a rea  AA,  t h e  k e r n e l  f u n c t i o n  can be computed a t  any p o i n t  on t h e  
l i f t i n g  s u r f a c e .  Knowing W and K, t h e  p r e s s u r e  d i s t r i b u t i o n  Ap i s  
o b t a i n e d  by i n v e r t i n g  t h e  i n t e g r a l  e q u a t i o n  above. 
For r o t a t i n g  systems, 
Given t h e  c o o r d i n a t e  p o s i t i o n  o f  t h e  
For a e r o e l a s t i c  a p p l i c a t i o n s ,  t h e  p r i m a r y  i n t e r e s t  l i e s  n o t  i n  t h e  p res -  
sure d i s t r i b u t i o n  b u t  i n  t h e  g e n e r a l i z e d  f o r c e  c o n t a i n e d  i n  t h e  m a t r i x  Q 
g i v e n  by 
where 6, i s  t h e  normal d i sp lacemen t  i n  t h e  n - t h  mode shape and APm i s  t h e  
p r e s s u r e  d i s t r i b u t i o n  r e s u l t i n g  from m o t i o n  i n  t h e  m-th mode shape. I f  s teady  
aerodynamic d isp lacements  a r e  n e g l e c t e d ,  t h e  normal d i sp lacemen t  6n i s  i nde -  
pendent of  t h e  assumed v i b r a t i o n  f requency ,  w and t h e  f l o w  c o n d i t i o n s .  
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We seek t h e  d e r i v a t i v e s  o f  t h e  g e n e r a l i z e d  aerodynamic f o r c e s ,  c o n t a i n e d  
i n  t h e  m a t r i x  Q, w i t h  r e s p e c t  t o  parameters r e p r e s e n t i n g  f low c o n d i t i o n s  and 
s t r u c t u r a l  v i b r a t o r y  m o t i o n  b u t  independent o f  t h e  domain o f  i n t e g r a t i o n ,  A .  
Because t h e  v a r i a t i o n  o f  g e n e r a l i z e d  f o r c e s  w i t h  r e s p e c t  t o  t h e  mode shape i s  
s i m p l e r ,  mode shape s e n s i t i v i t y  i s  cons ide red  s e p a r a t e l y .  F i r s t  c o n s i d e r  
parameters t h a t  do n o t  depend on  t h e  mode shape. L e t  a be one such parame- 
ter. D i f f e r e n t i a t i n g  e q u a t i o n  ( 5 )  w i t h  r e s p e c t  t o  a, 
Thus, t h e  s e n s i t i v i t y  o f  t h e  g e n e r a l i z e d  f o r c e  i s  equal  t o  t h e  g e n e r a l i z e d  
fo rce  a c t i n g  on t h e  b l a d e  r e s u l t i n g  from a p r e s s u r e  d i f f e r e n t i a l  ac ross  t h e  
b lade s u r f a c e  g i v e n  by aAp,/aa. We r e f e r  t o  aApm/8u as t h e  "pseudo-pressure 
d i f f e r e n t i a l "  co r respond ing  t o  t h e  parameter a. 
To o b t a i n  t h e  pseudo-pressure d i f f e r e n t i a l ,  we d i f f e r e n t i a t e  e q u a t i o n  (4) 
t o  g e t  
Equa t ion  (7) i s  an i n t e g r a l  e q u a t i o n  i n  t h e  unknown aAp/au and i s  i d e n t i -  
c a l  t o  e q u a t i o n  (4) if t h e  l e f t  hand s i d e  and aAp/aa i n  e q u a t i o n  ( 7 )  a r e  
r e p l a c e d  by  W and Ap r e s p e c t i v e l y .  Thus, t h e  s e n s i t i v i t y  o f  t h e  p r e s s u r e  
d i s t r i b u t i o n  i s  equa l  to t h e  p r e s s u r e  d i s t r i b u t i o n  t h a t  g i v e s  r i s e  t o  t h e  no r -  
mal v e l o c i t y  d i s t r i b u t i o n  g i v e n  by 
We r e f e r  t o  t h i s  v e l o c i t y  d i s t r i b u t i o n  as t h e  "pseudo-upwash" d i s t r i b u t i o n  
co r respond ing  t o  t h e  parameter  a. 
c e p t  o f  t h e  pseudo- load used i n  t h e  s e n s i t i v i t y  a n a l y s i s  o f  s t a t i c  s t r u c t u r a l  
response ( r e f .  3). 
The pseudo-upwash i s  analogous t o  t h e  con- 
To e v a l u a t e  t h e  pseudo-upwash, aW/aa and a K / k  must be computed. Whi le  
i t  i s  o f t e n  l e s s  d i f f i c u l t  to  e v a l u a t e  aW/aa a n a l y t i c a l l y ,  t h e  a n a l y t i c a l  
e v a l u a t i o n  of  aK/aa i s  g e n e r a l l y  t ime-consuming and d i f f i c u l t  t o  implement.  
The re fo re ,  t h e  pseudo-upwash i s  e v a l u a t e d  by r e p l a c i n g  t h e  q u a n t i t i e s  aW/&t 
and aK/aa by t h e i r  f i n i t e  d i f f e r e n c e  approx ima t ions ,  AWlAa and AK/Aa 
r e s p e c t i v e l y .  C o n s i d e r i n g  f o r w a r d  d i f f e r e n c e s ,  
and 
For s e n s i t i v i t y  a n a l y s i s  w i t h  r e s p e c t  t o  mode shapes, we f i r s t  n o t e  t h a t  
the  p r e s s u r e  d i s t r i b u t i o n  i s  a l i n e a r  f u n c t i o n a l  and t h e  g e n e r a l i z e d  f o r c e  a 
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q u a d r a t i c  f u n c t i o n a l  of t h e  mode shape. Hence, we c o n s i d e r  v a r i a t i o n s  i n s t e a d  
o f  d e r i v a t i v e s .  Deno t ing  v a r i a t i o n s  by pr imes,  we o b t a i n  from e q u a t i o n  ( 5 ) ,  
QnA = SA A P ~ S ,  dA + SA AP,S;I dA (10)  
and f r o m  e q u a t i o n  ( 4 ) ,  
Wr;l = SA Apr;l’K dA ( 1 1 )  
so t h a t ,  once aga in ,  t h e  v a r i a t i o n  A p i  of t h e  p r e s s u r e  d i s t r i b u t i o n  can be 
o b t a i n e d  by u s i n g  W, as t h e  pseudo-upwash d i s t r i b u t i o n .  Thus, f o r  mode shape 
s e n s i t i v i t y  a n a l y s i s ,  we use e q u a t i o n s  (10)  and ( 1 1 )  i n s t e a d  o f  e q u a t i o n s  (6) 
and ( 7 )  r e s p e c t i v e l y .  
I 
For s i m p l e  harmonic m o t i o n  of an a i r f o i l ,  t h e  upwash can be approx imated 
as ( r e f .  14) 
so t h a t  
where U r  i s  t h e  f low v e l o c i t y  r e l a t i v e  t o  t h e  p o i n t  P on t h e  a i r f o i l  and s 
i s  t h e  a r c  l e n g t h  a l o n g  t h e  b l a d e  s u r f a c e  a t  f i x e d  span. 
A p o p u l a r  way t o  s o l v e  t h e  i n t e g r a l  e q u a t i o n  g i v e n  by e q u a t i o n  ( 4 )  f o r  
t h e  p r e s s u r e  d i s t r i b u t i o n  i s  t h e  f a m i l y  of panel  methods. I n  these  methods, 
t h e  s i n g u l a r  p r e s s u r e  d i s t r i b u t i o n  i s  approx imated by a pane lw ise  c o n s t a n t -  
p ressu re  d i s t r i b u t i o n .  The K u t t a  c o n d i t i o n  i s  i m p l i c i t l y  s a t i s f i e d  by choos ing  
s p e c i f i c  c o n t r o l  p o i n t s .  Panel methods can e a s i l y  handle any p l a n f o r m  and a r e  
most s u i t a b l e  f o r  l i f t i n g  surfaces o f  complex geometry.  F ine  p a n e l i n g  o f  the 
p l a n f o r m  i s  necessary because of t h e  rough a p p r o x i m a t i o n  o f  pane lw ise  c o n s t a n t -  
p r e s s u r e  d i s t r i b u t i o n .  
Once a d i s c r e t i z a t i o n  scheme (such as a panel  method) i s  dev i sed ,  p r a c t i -  
c a l l y  a l l  o f  t h e  a n a l y t i c a l  c o m p l e x i t y  i n  comput ing t h e  g e n e r a l i z e d  f o r c e s  
i s  c o n t a i n e d  i n  t h e  compu ta t i on  of t h e  k e r n e l  f u n c t i o n  K .  
i c a l  s e n s i t i v i t y  a n a l y s i s  scheme, u s i n g  numer i ca l  d i f f e r e n t i a t i o n  f o r  t h e  
k e r n e l  f u n c t i o n  d e r i v a t i v e ,  i s  of c o n s i d e r a b l e  advantage i n  overcoming t h e  
imp lemen ta t i on  problems a s s o c i a t e d  w i t h  t h e  a n a l y t i c a l  approach. Also, t h e  
aerodynamic code used for a n a l y s i s  can be used for s e n s i t i v i t y  a n a l y s i s  as 
w e l l  by s i m p l y  r e p l a c i n g  t h e  r e a l  upwash d i s t r i b u t i o n  w i t h  t h e  pseudo-upwash 
d i s t r i b u t i o n  and t h e  r e a l  p r e s s u r e  d i f f e r e n t i a l  w i t h  t h e  pseudo-pressure d i f -  
f e r e n t i a l .  The approach adopted he re  i s  s i m i l a r  t o  t h e  s e m i a n a l y t i c a l  approach 
p o p u l a r  i n  t h e  s e n s i t i v i t y  a n a l y s i s  of s t a t i c  s t r u c t u r a l  response ( r e f s .  15 and 
16) and implemented i n  some genera l  purpose f i n i t e  element programs ( r e f .  17 ) .  
Qnm 
Thus, a s e m i a n a l y t -  
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The e f f i c i e n c y  o f  t h e  s e m i a n a l y t i c a l  approach i n  comparison to  t h e  f i n i t e  
d i f f e r e n c e  approach depends on t h e  s i z e  o f  t h e  prob lem.  The o v e r a l l  costs o f  
comput ing the  k e r n e l  f u n c t i o n  and o f  i n v e r t i n g  t h e  i n t e g r a l  o p e r a t o r  a r e  
r o u g h l y  p r o p o r t i o n a l  t o  t h e  square and t h e  cube o f  t h e  number o f  pane ls ,  
r e s p e c t i v e l y .  Hence, i f  t h e  number o f  pane ls  i s  n, t hen  t h e  CPU t i m e  fo r  t h e  
computa t ion  o f  t h e  g e n e r a l i z e d  f o r c e s  can be expressed as 
'I: = + 'I:2n 2 (14 )  
The first te rm r e p r e s e n t s  t h e  t i m e  r e q u i r e d  f o r  i n v e r t i n g  t h e  i n t e g r a l  
o p e r a t o r  and t h e  second t e r m  t h e  t i m e  r e q u i r e d  f o r  k e r n e l  f u n c t i o n  e v a l u a t i o n s .  
The s e m i a n a l y t i c a l  approach u t i l i z e s  t h e  same i n v e r t e d  i n t e g r a l  o p e r a t o r  
( a v a i l a b l e  from t h e  s o l u t i o n  of t h e  co r respond ing  a n a l y s i s  problem) f o r  a l l  
d e r i v a t i v e s ,  i n  c o n t r a s t  to  t h e  f i n i t e  d i f f e r e n c e  approach. Hence, t h e  CPU 
t imes  f o r  t h e  FD and t h e  SA approaches o f  s e n s i t i v i t y  a n a l y s i s  can be 
expressed as 
TFD = T1n3 + T2n 2 
TsA = T2n2 
(15)  
(16 )  
I n  p ressu re  f o r m u l a t i o n s ,  for a moderate number o f  pane ls ,  t h e  second t e r m  
of e q u a t i o n  ( 1 4 ) .  r e p r e s e n t i n g  t h e  k e r n e l  f u n c t i o n  computa t ion  dominates t h e  
o v e r a l l  compu ta t i ona l  t ime ,  so t h a t  ' I : ~ ~  and -cSA a r e  o f  t h e  same o r d e r .  
However, as n becomes l a r g e r ,  t h e  c o s t  o f  t h e  FD approach e s c a l a t e s  more 
r a p i d l y  than  t h a t  o f  t h e  SA approach. Hence, when t h e  number o f  pane ls  i s  
l a r g e ,  t h e  e f f i c i e n c y  g a i n  of t h e  SA approach o v e r  t h e  FD approach can be 
s u b s t a n t i a l .  A l a r g e  number of pane ls  i s  needed i n  t h e  case o f  a complex geom- 
e t r y  as t h a t  o f  a propfan, e s p e c i a l l y  i f  m i s t u n i n g  i s  p r e s e n t  ( r e f .  18 ) .  A 
f u r t h e r  d i s c u s s i o n  o f  t h e  compu ta t i ona l  c o s t  o f  t h e  s o l u t i o n  o f  t h e  i n t e g r a l  
e q u a t i o n  i s  g i v e n  by C l a r k  and James ( r e f .  1 9 ) .  
APPLICATIONS 
The s e m i a n a l y t i c a l  approach i s  a p p l i e d  t o  two uns teady  aerodynamic models: 
( 1 )  i s o l a t e d  a i r f o i l  i n  two-dimensional  f l o v  and ( 2 )  r o t a t i n g  p r o p f a n  b lades  i n  
th ree -d imens iona l  f low. S e n s i t i v i t y  c o e f f i c i e n t s  o f  g e n e r a l i z e d  f o r c e s  w i t h  
r e s p e c t  t o  v a r i o u s  parameters  a r e  c a l c u l a t e d  by b o t h  t h e  FD and t h e  SA 
approaches and compared. For  t h e  purpose of comput ing t h e  f i n i t e  d i f f e r e n c e  
d e r i v a t i v e s ,  t h e  s t e p  s i z e s  were computed by  a p rocedure  d e s c r i b e d  by G i l l  
( r e f .  20) .  T h i s  p rocedure  seeks t o  m in im ize  t h e  t o t a l  e r r o r  ( t h e  sum o f  round- 
o f f  and t r u n c a t i o n  e r r o r s )  i n  t h e  s e n s i t i v i t y  c o e f f i c i e n t  f ' ( x >  u s i n g  t h e  
r o u n d - o f f  e r r o r  expected i n  t h e  e v a l u a t i o n  of f u n c t i o n  f ( x > .  The r o u n d - o f f  
error i n  t h e  e v a l u a t i o n  o f  f ( x >  i s  e s t i m a t e d  by t h e  d i f f e r e n c e  i n  t h e  va lues  
o f  f ( x )  c a l c u l a t e d  i n  doub le  p r e c i s i o n  and extended p r e c i s i o n .  
I n  t h e  f o l l o w i n g ,  t h e  l o g a r i t h m i c  s e n s i t i v i t y  f u n c t i o n  i s  d e f i n e d  as x 
f ' ( x > / f ( x > .  Thus, t h e  s e n s i t i v i t y  c o e f f i c i e n t  g i v e s  t h e  a b s o l u t e  r a t e  o f  
change o f  t h e  f u n c t i o n  f ( x > ,  whereas t h e  l o g a r i t h m i c  s e n s i t i v i t y  f u n c t i o n  
g i v e s  a measure o f  the  r e l a t i v e  r a t e  o f  change o f  f ( x > .  
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The k e r n e l  f u n c t e d  for t h i s  uns teady  aerodynamic model i s  t h e  P o s s i o  k e r -  
n e l  ( r e f .  21) g i v e n  by 
where M i s  t h e  f r e e - s t r e a m  Mach number, k t h e  reduced f requency  (ob /U> ,  w 
t he  b lade  o s c i l l a t i o n  f requency ,  b t h e  b lade  semi-chord, U t h e  f r e e - s t r e a m  
f low v e l o c i t y ,  and x and 5 r e p r e s e n t  t h e  d imens ion less  chordwise  c o n t r o l  
and p ressu re  s t a t i o n s  r e s p e c t i v e l y .  The Possio k e r n e l  i s  v a l i d  f o r  subson ic  
Mach numbers. B land ( r e f .  21) g i v e s  a f u l l  d e s c r i p t i o n  o f  t h e  compu ta t i ona l  
aspec ts  o f  t h e  Possio k e r n e l  e v a l u a t i o n .  
For t h e  i s o l a t e d  a i r f o i l ,  t h e  parameters  cons ide red  a r e  t h e  f r e e - s t r e a m  
Mach number M, t h e  reduced f requency  k and t h e  l o c a t i o n  o f  t h e  p i t c h  a x i s  
x,. The nominal  p o i n t  chosen fo r  t h i s  c o n f i g u r a t i o n  cor responds t o  M = 0.8,  
k = 0.10, and x, = -0.5 ( i . e . ,  t h e  p i t c h  a x i s  i s  a t  t h e  q u a r t e r - c h o r d ) .  The 
downwash and p ressu re  a r e  computed a t  32 s t a t i o n s  a l o n g  t h e  cho rd .  The f i n i t e  
d i f f e r e n c e  s t e p  s i z e s  were s e l e c t e d  by m i n i m i z i n g  t h e  e s t i m a t e d  t o t a l  e r r o r  i n  
t h e  s e n s i t i v i t y  c o e f f i c i e n t s  o f  s e l e c t e d  normal v e l o c i t i e s ,  p r e s s u r e  d i f f e r e n -  
t i a l s  and g e n e r a l i z e d  f o r c e s .  The e s t i m a t e d  e r r o r  i n  t h e  d e r i v a t i v e s  ( r e f .  20) 
was l e s s  than  1 .5  p e r c e n t  i n  a l l  cases. 
F i g u r e  1 shows t h e  v a r i a t i o n  o f  t h e  g e n e r a l i z e d  f o r c e s  due t o  p i t c h i n g  
mo t ion  and t h e i r  s e n s i t i v i t y  c o e f f i c i e n t s  w i t h  r e s p e c t  t o  t h e  parameter ,  k .  
Both  t h e  r e a l  p a r t s  ( i n  phase w i t h  t h e  mo t ion )  and t h e  imag ina ry  p a r t s  ( i n  
quadra tu re  w i t h  t h e  motion) a r e  shown i n  f i g u r e s  l ( a )  and (b )  r e s p e c t i v e l y .  
The axes on t h e  r i g h t  cor respond t o  t h e  f u n c t i o n  and those on t h e  l e f t  t o  i t s  
s e n s i t i v i t y .  The squares g i v e  t h e  f i n i t e  d i f f e r e n c e  (FD) s e n s i t i v i t i e s  and 
t h e  c rosses  t h e  s e m i a n a l y t i c a l  (SA) s e n s i t i v i t i e s .  I n  a l l  cases ( e x c e p t  a t  
z e r o  reduced f requency ) ,  t h e  FD and t h e  SA c o e f f i c i e n t s  were i n  v e r y  good 
agreement. I t  can a l s o  be seen t h a t  t h e  v a r i a t i o n s  o f  t h e  g e n e r a l i z e d  f o r c e s  
are consistent with the calculated values of the respective sensitivity coeffi- 
c i e n t s .  S i m i l a r  r e s u l t s  were o b t a i n e d  fo r  g e n e r a l i z e d  f o r c e s  due t o  p l u n g i n g  
and fo r  s e n s i t i v i t i e s  w i t h  r e s p e c t  t o  M and x,. 
F i g u r e  2 shows t h e  l o g a r i t h m i c  s e n s i t i v i t i e s ,  d e f i n e d  i n  t h e  p r e v i o u s  sec- 
t i o n ,  o f  t h e  g e n e r a l i z e d  fo rces  w i t h  r e s p e c t  t o  k .  A t  t h i s  nominal  p o i n t ,  t h e  
imag ina ry  p a r t  o f  t h e  l i f t  due to  p i t c h i n g  i s  seen t o  be t h e  most s e n s i t i v e  t o  
reduced f requency  and t h e  r e a l  p a r t s  o f  t h e  l i f t  due t o  p i t c h i n g  as w e l l  as 
p l u n g i n g  the  l e a s t  s e n s i t i v e .  
To compare t h e  e f f i c i e n c y  o f  t h e  s e m i a n a l y t i c a l  method w i t h  t h e  f i n i t e -  
d i f f e r e n c e  method, t h e  percentage s a v i n g  o f  CPU t i m e  ach ieved  by t h e  semiana- 
l y t i c a l  approach i n  f i g u r e  3 as a f u n c t i o n  o f  t h e  number o f  cho rdw ise  s t a t i o n s .  
These CPU t imes  w e r e  o b t a i n e d  i n  comput ing t h e  s e n s i t i v i t y  o f  g e n e r a l i z e d  
f o r c e s  w i t h  r e s p e c t  t o  Mach number. The CPU t i m e  for t h e  s e m i a n a l y t i c a l  
approach ranges from 0.65 sec when t h e  number o f  chordwise  s t a t i o n s  i s  32 t o  
63.7 sec when t h e  number i s  256. The CPU t imes  were o b t a i n e d  on  t h e  Amdahl 
5860 computer u s i n g  VS FORTRAN V e r s i o n  2 c o m p i l e r  w i t h  no c o m p i l e r  
o p t  i m i  z a t  i on .  
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The second uns teady  aerodynamic model s t u d i e d  i s  based on a t h r e e -  
d imens iona l  l i n e a r  subson ic  l i f t i n g  s u r f a c e  t h e o r y  i n  f requency  domain and i s  
developed by W i l l i a m s  and Hwang ( r e f .  22) f o r  a e r o e l a s t i c  a n a l y s i s  o f  p rop fans  
( r e f .  2 3 ) .  
The aerodynamic s e n s i t i v i t y  a n a l y s i s  d e s c r i b e d  below i s  implemented i n  a 
ASTROP3 i s  an computer program c a l l e d  ASTROP3 a t  NASA Lewis Research Cen te r .  
a e r o e l a s t i c  a n a l y s i s  program developed f o r  a e r o e l a s t i c  a n a l y s i s  o f  s i n g l e  r o t a -  
t i o n  p rop fans  ( r e f .  23 ) .  An automated f l u t t e r  search  procedure  ( r e f .  101, 
r e q u i r i n g  t h e  g e n e r a l i z e d  force s e n s i t i v i t i e s ,  i s  a l s o  i n c o r p o r a t e d  i n  ASTROP3. 
The i n t e g r a l  e q u a t i o n  e x p r e s s i n g  t h e  r e l a t i o n s h i p  between t h e  upwash and 
p ressu re  d i s t r i b u t i o n s  on a t h i n  p r o p f a n  b lade  i s  g i v e n  by 
(18 )  
Note t h a t  t h e  d e f i n i t i o n  o f  t h e  k e r n e l  f u n c t i o n  does n o t  e x a c t l y  c o r r e -  
spond t o  t h a t  o f  t h e  p r e v i o u s  s e c t i o n .  
W i l l i a m s  and Hwang ( r e f .  22)  d i s c r e t i z e d  t h e  above i n t e g r a l  e q u a t i o n  by 
s p l i t t i n g  t h e  b lade  i n t o  n r e c t a n g u l a r  pane ls  w i t h i n  each o f  wh ich  Ap i s  
assumed c o n s t a n t .  One c o n t r o l  p o i n t  i s  ass igned t o  each pane l  a t  t h e  midspan 
and 1 0 0 ~  p e r c e n t  cho rd  p o s i t i o n .  The b e s t  v a l u e  for E was e m p i r i c a l l y  f ound  
by W i l l i a m s  and Hwang ( r e f .  22) t o  be 0.85. The d i s c r e t  z a t i o n  r e s u l t s  i n  t h e  
a l g e b r a i c  system of e q u a t i o n s  g i v e n  by 
(19 )  
where W i s  a v e c t o r  o f  t h e  va lues  o f  W a t  chosen c o n t r o l  p o i n t s  on each of  
t h e  pane ls ,  i s  a v e c t o r  o f  t h e  va lues  o f  on each o f  t h e  pane ls ,  and C 
i s  a m a t r i x  o f  aerodynamic i n f l u e n c e  c o e f f i c i e n t s  g i v e n  by 
(20) 
where t h e  s u b s c r i p t s  i and j r e f e r  t o  t h e  panel  numbers. 
The computa t ion  o f  t h e  pseudo-pressure d i f f e r e n t i a l  r e q u i r e s  t h e  d e r i v a -  
t i v e  o f  t h e  v e c t o r  o f  t h e  p r e s s u r e  l o a d  parameters ,  alsplaa. aap/aa i s  
o b t a i n e d  by  d i f f e r e n t i a t i n g  e q u a t i o n  (191, 
For rnode-shape-dependent parameters ,  
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because t h e  aerodynamic i n f l u e n c e  c o e f f i c i e n t s  a r e  independent  o f  mode shapes. 
For prop fan  b lades ,  t h e  parameters  cons ide red  a r e  t h e  f r e e - s t r e a m  Mach 
number M, t h e  b l a d e  v i b r a t i o n  f requency W ,  t h e  r o t a t i o n a l  speed Q, t h e  l oca -  
t i o n  o f  t h e  c o n t r o l  p o i n t  E and a parameter  bf d e n o t i n g  t h e  c o u p l i n g  o f  t h e  
f irst and second normal modes of t h e  b l a d e .  The parameter  bf d e f i n e s  t h e  
normal d i sp lacemen t  of t h e  b l a d e  mode shape as 6(P) = bf 61(P) + ( l - b f )  62(P> 
where 61 and 62 a r e  t h e  normal d i sp lacemen ts  due t o  m o t i o n  i n  t h e  f i r s t  and 
t h e  second b l a d e  normal modes r e s p e c t i v e l y .  Thus, t h e  parameter bf r e p r e -  
sen ts  t h e  c o u p l i n g  o f  t h e  f i r s t  two normal modes. I n  t h i s  f o r m u l a t i o n ,  t h e  
domain o f  i n t e g r a t i o n  A i s  dependent on t h e  advance r a t i o .  I n  o r d e r  n o t  t o  
change t h e  shape o f  t h e  h e l i c a l  s u r f a c e  and thus  m a i n t a i n  t h e  non-shape- 
dependent n a t u r e  o f  t h e  v a r i a b l e s ,  t h e  advance r a t i o  was a r t i f i c i a l l y  h e l d  con- 
s t a n t  w h i l e  comput ing t h e  d e r i v a t i v e s  w i t h  r e s p e c t  to  t h e  Mach number and t h e  
r o t a t i o n a l  speed. T h i s  l i m i t a t i o n  w i l l  be removed when t h e  s e n s i t i v i t y  ana ly -  
s i s  i s  extended t o  shape-dependent v a r i a b l e s .  The c o n t r o l  p o i n t  l o c a t i o n  E 
i s  a l s o  cons ide red  a parameter because i t s  v a l u e  i s  chosen e m p i r i c a l l y  and t h e  
s e n s i t i v i t y  o f  t h e  g e n e r a l i z e d  f o r c e s  t o  E i s  o f  i n t e r e s t .  
The p l a n f o r m  and t h e  normal modes o f  t h e  SR3C-X2 prop fan  b l a d e  ( r e f .  23> ,  
shown i n  f i g u r e  4, were used as an example. The normal modes a n a l y s i s  was pe r -  
formed u s i n g  COSMIC NASTRAN c o n s i d e r i n g  c e n t r i f u g a l  de format ions  b u t  n o t  s teady  
aerodynamic d e f o r m a t i o n s .  The p l a n f o r m  was d i v i d e d  i n t o  72 p a n e l s .  The f i n i t e  
d i f f e r e n c e  s t e p  s i z e s  were s e l e c t e d  b y  m i n i m i z i n g  t h e  e s t i m a t e d  t o t a l  error i n  
t h e  s e n s i t i v i t y  c o e f f i c i e n t s  o f  s e l e c t e d  normal v e l o c i t i e s ,  i n f l u e n c e  c o e f f i c i -  
e n t s ,  p r e s s u r e  d i f f e r e n t i a l s  and g e n e r a l i z e d  fo rces .  The e s t i m a t e d  e r r o r  i n  
t h e  d e r i v a t i v e s  ( r e f .  20) was l e s s  t h a n  2 .4  p e r c e n t  i n  a l l  cases. 
S e n s i t i v i t y  To Frequency, Mach Number and R o t a t i o n a l  Speed 
The computed s e n s i t i v i t i e s  w i t h  r e s p e c t  t o  t h e  v i b r a t i o n  f r e q u e n c y  o f  t h e  
g e n e r a l i z e d  f o r c e s  due t o  m o t i o n  i n  t h e  f i r s t  mode a r e  shown i n  f i g u r e  5 a l o n g  
w i t h  t h e  g e n e r a l i z e d  f o r c e s  on t h e  r i g h t  v e r t i c a l  a x i s .  F i g u r e s  6 and 7 s i m i -  
l a r l y  show t h e  s e n s i t i v i t i e s  w i t h  r e s p e c t  t o  Mach number and t h e  r o t a t i o n a l  
speed r e s p e c t i v e l y .  Once a g a i n ,  t h e  FD and t h e  SA s e n s i t i v i t i e s  a r e  i n  rea-  
sonab le  agreement.  Both  t h e  FD and t h e  SA s e n s i t i v i t i e s  a r e  sometimes 
a f f e c t e d  by  round-o f f  e r r o r  as ev idenced b y  t h e i r  wavy n a t u r e .  
t h a t  t h e  s tep -s i ze  s e l e c t i o n  a l g o r i t h m  used ( r e f .  20) may be inadequate  i n  some 
cases and an improved a l g o r i t h m  ( r e f .  24) shou ld  perhaps be employed. 
T h i s  i n d i c a t e s  
S e n s i t i v i t y  t o  E m p i r i c a l  Parameters 
An i m p o r t a n t  a p p l i c a t i o n  o f  s e n s i t i v i t y  a n a l y s i s  i s  i n  j u d g i n g  t h e  sens i -  
t i v i t y  o f  g e n e r a l i z e d  f o r c e s  t o  e m p i r i c a l  parameters .  Such s e n s i t i v i t y  g i v e s  
a measure o f  t h e  con f idence  i n  he va lues  s e l e c t e d  for t h e  e m p i r i c a l  parame- 
t e r s .  A s  an example of such an a p p l i c a t i o n ,  t h e  s e n s i t i v i t i e s  o f  t h e  genera l -  
i z e d  fo rces  a r e  c a l c u l a t e d  w i t h  r e s p e c t  t o  t h e  l o c a t i o n  E o f  t h e  c o n t r o l  
p o i n t  on  t h e  pane l  a t  wh ich  t h e  normal v e l o c i t y  due t o  s t r u c t u r a l  m o t i o n  i s  
s p e c i f i e d .  F i g u r e  8 shows t h e  o g a r i t h m i c  s e n s i t i v i t y  o f  g e n e r a l i z e d  f o r c e s  
1 1  
w i t h  r e s p e c t  t o  t h e  c o n t r o l  p o i n t  l o c a t i o n .  I t  i s  observed t h a t  t h e  g e n e r a l -  
i z e d  f o r c e  c o u l d  be expec ted  to  change by up t o  3 p e r c e n t  f o r  a 1 p e r c e n t  
change i n  t h e  c o n t r o l  p o i n t  l o c a t i o n .  T h i s  i s  cons ide red  s a t i s f a c t o r y .  
F i n a l l y ,  f o r  t h e  72 pane ls  used he re ,  t h e  p e r c e n t  r e d u c t i o n  i n  CPU t i m e  
from t h e  s e m i a n a l y t i c a l  approach o v e r  t h e  f i n i t e  d i f f e r e n c e  approach was 8 t o  
13 p e r c e n t .  G r e a t e r  r e d u c t i o n s  a r e  expec ted  f o r  l a r g e r  numbers o f  p a n e l s .  
CONCLUDING REMARKS 
A s e m i a n a l y t i c a l  approach t o  s e n s i t i v i t y  a n a l y s i s  o f  l i n e a r  uns teady  aero- 
dynamics i s  p resen ted .  A p p l i c a t i o n s  t o  i s o l a t e d  a i r f o i l s  and p r o p f a n  b lades  
have shown t h a t  t h e  s e m i a n a l y t i c a l  approach can be implemented r e l a t i v e l y  
e a s i l y  and t h a t  t h e  s e m i a n a l y t i c a l  approach does n o t  su f fe r  from any accu racy  
problems compared t o  t h e  f i n i t e  d i f f e r e n c e  approach. P r e l i m i n a r y  s t u d i e s  show 
t h a t  t he  s e m i a n a l y t i c a l  approach w i l l  r e s u l t  i n  s u b s t a n t i a l  sav ings  i n  computa- 
t i o n a l  t i m e  fo r  s e n s i t i v i t y  a n a l y s i s  when t h e  number o f  pane ls  i n  p r o p f a n  
a e r o e l a s t i c  a n a l y s i s  i s  l a r g e .  T h i s  i s  t y p i c a l l y  t h e  case when m i s t u n i n g  i s  
cons ide red .  
I t  i s  expec ted  t h a t  t h e  s e m i a n a l y t i c a l  approach w i l l  be u s e f u l  for  comput- 
i n g  shape s e n s i t i v i t y  d e r i v a t i v e s  o f  g e n e r a l i z e d  uns teady  aerodynamic f o r c e s .  
These d e r i v a t i v e s  a r e  expec ted  t o  be used i n  d e v e l o p i n g  e f f i c i e n t  a n a l y t i c a l  
and des ign  o p t i m i z a t i o n  procedures  f o r  complex a e r o e l a s t i c  s t r u c t u r e s .  
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(1 , l )  (1.2) (2 , l )  (2.2) 
GENERALIZED FORCE 
FIGURE 8. - SENSITIVITY OF GENERALIZED FORCES TO CONTROL 
POI NT LOCAT I ON. 
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